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Abstract
Quantum correlations have been pointed out as the most likely source of the
speed-up in quantum computation. Here we analyzed the presence of quantum
correlations in the implementation of Deutsch-Jozsa algorithm running in the
DQC1 and DQCp models of quantum computing. For some balanced functions,
the qubits in DQC1 model are quantum correlated just in the intermediate steps
of the algorithm for a given decomposition into one and two qubits gates. In the
DQCp model the final state is strongly quantum correlated for some balanced
functions, so that the pairwise entanglement between blocks scales with the
system size. Although the Deutsch-Jozsa algorithm is efficiently implemented
in both models of computation, the presence of quantum correlations is not a
sufficient property for computational gain in this case, since the performance
of the classical probabilistic algorithm is better than the quantum ones. The
measurement of other qubits than the control one showed to be inefficient to
turn the algorithm deterministic.
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1. Introduction
Quantum correlations have been pointed out as a resource for quantum com-
putation. To observe advantage of pure state quantum computation over classi-
cal computing entanglement is seen as a necessary resource[1, 2]. However, such
resource does not seem to be so essential for quantum computation with mixed
states. It was observed that the amount of entanglement present in the trace
evaluation of a unitary matrix realized in the Deterministic Quantum Computa-
tion with one qubit (DQC1) model could not explain the resulting speed-up [3].
Other examples using de DQC1 model which present quantum advantage are
the Shor’s factorization algorithm [4], the measurement of the average fidelity
decay of a quantum map [5], and the approximation of the Jones Polynomial
[6]. This model of computation have already been implemented in an optical
system [7] and in Nuclear Magnetic Resonance [8, 9].
The first quantum algorithm, introduced by D. Deutsch in 1985 [10], aimed
to decide if a function f : {0, 1} → {0, 1} is constant or balanced. Although the
first version of this algorithm was probabilistic, improvements on it showed that
it is possible to know with certainty the function class with just one measure-
ment [11], while in the classical case two evaluations of f are necessary. The
generalization of Deutsch algorithm to an input of n qubits was made by D.
Deutsch and R. Jozsa in 1992 [12]. In this case the function f : {0, 1}n → {0, 1}
is said to be constant if f(j) = 0 or f(j) = 1 for all j (j = 0, ..., 2n − 1) and
balanced if f(j) = 0 for half of the j values and f(j) = 1 for the remaining j
values. Classically, it will take 2 to 2n−1 + 1 evaluations of f to know the func-
tion class with certainty. In quantum computation the Deutsch-Jozsa algorithm
gives the exactly answer to the problem with just n individual qubit measure-
ments. In Ref. [11] the authors use n+1 qubits to solve this problem, while the
Collins version of this algorithm uses only n qubits [13]. The Collins version is
represented by the circuit in Fig. 1, where the unitary U encodes the function
f . After the n first Hadamard gates the register is in an equal superposition of
2n states |j〉. The action of U on |j〉 is U |j〉 = (−1)f(j) |j〉, which means U is a
matrix of the form
U =
∑
j
(−1)f(j) |j〉 〈j| . (1)
Applying again the n Hadamard gates the readout of the algorithm can be made
by projecting the final state on the state |j = 0〉, giving the result
1
2n
2n−1∑
j=0
(−1)f(j) =
{ ±1 if f is constant,
0 if f is balanced.
(2)
The structure of U in Eq. (1) allows the definition of the function class
of f by the evaluation of its normalized trace. An efficient way to evaluate
the trace of a unitary matrix is given by the DQC1 model [14]. The DQC1
model is composed by n+ 1 qubits, where n qubits are in the fully mixed state
I⊗n/2n and only one qubit presents a degree of purity controlled by α (0 <
2
Figure 1: Collins version for the Deutsch-Jozsa algorithm. H is the Hadamard gate and U is
the unitary matrix encoding the function f .
α < 1), as represented by the circuit in Fig. 2. The system initial state is
ρI = 2
−(n+1)(I0 + αZ0)⊗ I⊗n, where the index 0 refers to the semi-pure qubit
(control qubit), I is the identity matrix, and Z is the Pauli matrix σZ .
Figure 2: DQC1 circuit used to evaluate the normalized trace of a unitary matrix Un. A qubit
is prepared in a state with some degree of purity (top rail) and a set of n qubits is prepared
in the maximally mixed state (bottom rail). A Hadamard gate is applied on the top qubit
before the application of the controlled Un. To finish, a measurement is made upon the top
qubit.
Just before the measurement the state of the system is
ρ =
1
2n+1
(I0 ⊗ In + αX0 ⊗ Un) , (3)
where X0 is the Pauli matrix σx. One way of implementing the Deutsch-Jozsa
algorithm via DQC1 model is choosing the unitary matrix Un as U defined in
Eq. (1) [15]. In this case, the state of the control qubit is characterized by
〈σx〉 = α 12n
∑2n−1
j=0 (−1)f(j) and 〈σy〉 = 〈σz〉 = 0. Thus, if a σx measurement is
performed on this qubit, the result for its expected value is 〈σx〉 = 0 and variance
4σx = 1 for a balanced function and 〈σx〉 = ±α with variance 4σx =
√
1− α2
for a constant function.
The Deutsch-Jozsa algorithm was approached by different models of compu-
tation: probabilistic classical computation [15, 16], circuital quantum compu-
tation with pure states[11, 13], ensemble quantum computation [15], adiabatic
quantum computation [17, 18], one-way quantum computation [19], dissipative
quantum computation [20], and blind quantum computation [21].
In this work we study the presence of quantum correlations in the Deutsch-
Jozsa algorithm performed in the DQC1 and DQCp models of quantum com-
putation. In the next section we develop a circuit to perform the computation
composed by a universal set of gates. Then, considering the DQC1 model we
evaluate the presence of quantum correlations after the application of each quan-
tum gate. To observe the generation of correlations with an initial pure state
we evaluate, in section 3, the negativity generated by the realization of the same
algorithm performed in the DQCp model. We then present a discussion followed
by our conclusions.
3
2. Quantum Correlations in Deutsch-Jozsa Algorithm via DQC1Model
Now we analyze the correlations present in the Deutsch-Jozsa algorithm
implemented via DQC1 model. The final state of the computation (3) can be
written as
ρ =
2n−1∑
j=0
(1/2n+1)
[
|0〉 〈0|+ α(−1)f(j) |0〉 〈1|
+α(−1)f(j) |1〉 〈0|+ |1〉 〈1|
]
⊗ |j〉 〈j|
=
2n−1∑
j=0
(1/2n+1)(|aj〉 〈aj |+ |bj〉 〈bj |)⊗ |j〉 〈j| , (4)
where |aj〉 = cosφ |0〉+ (−1)f(j)sinφ |1〉, |bj〉 = sinφ |0〉+ (−1)f(j)cosφ |1〉, and
sin(2φ) = α [22]. Particularly for α = 1 the final state is
ρ =
2n−1∑
j=0
(1/2n) |f(j)〉 〈f(j)| ⊗ |j〉 〈j| , (5)
with |f(j)〉 = (|0〉+ (−1)f(j) |1〉)/√2.
It is easy to observe from Eqs. (4) and (5) that the state ρ is separable
for any partition, since the |j〉 states describe the computational basis. We
remember that any bipartite separable state can be cast under three categories:
i) classical-classical (CC) states with the form ρ =
∑
i pi |iA〉 〈iA| ⊗ |iB〉 〈iB |
where
{∣∣iA(B)〉} is an orthonormal set and {pi} is a probability distribution,
ii) classical-quantum (CQ) states with the form ρ =
∑
i pi |iA〉 〈iA| ⊗ ρBi where{
ρBi
}
are quantum states, and iii) fully quantum states (QQ) with the form
ρ =
∑
i piρ
A
i ⊗ ρBi [23]. Rewriting the state in Eq. (4) in the form∑
i=+,−
0<j<2n−1
pi,j |i〉 〈i| ⊗ |j〉 〈j| , (6)
where |±〉 = (|0〉 ± |1〉)/√2 and p±,j = (1±α(−1)f(j))/2, it becomes clear that
the final state of the computation is a CC state. Therefore ρ has no quantum
correlations. Indeed, any quantum discord-like measure over any bipartition
should confirm this statement [24, 25, 26, 27].
After performing σx measurements on the control qubit the best scenario to
discriminate between constant and balanced functions occurs when α = 1. The
Deutsch-Jozsa algorithm is implemented efficiently via DQC1 model, since the
expected value of σx must be known with a given precision, which is indepen-
dent of the number n of mixed qubits. In Ref. 15 the authors show that this
quantum algorithm (for α = 1) has at most a good performance as the classical
probabilistic algorithm. Therefore, the quantum and classical versions of the
Deutsch-Jozsa algorithm discussed here have equivalent performance. Such re-
sult is not obvious, because it is possible that quantum correlations are present
4
in intermediate states of the computation even when the initial and final states
do not have any. Although this is not the case, quantum correlations may be
related to the speedup of quantum computation since the quantum computer
can evolve through states that use a smaller number of gates in the quantum
solution [28].
To investigate the birth and death of quantum correlations in the implemen-
tation of the Deutsch-Jozsa algorithm, we use the procedure presented by S.
Bullock and L. Markov to decompose a diagonal unitary operator in a sequence
of one qubit rotations and CNOTs [29]. Such synthesis is general, so that it can
describe any unitary applied over the Deutsch-Jozsa algorithm for balanced or
constant functions. The decomposition was done for the two and three mixed
qubits cases, where the later is presented in Fig. 3. The presence or absence of
quantum correlations after each quantum gate in the synthesized algorithm is
pointed out after writing the system state as a CC state or not. See the Ap-
pendix for details. For two mixed qubits case, corresponding to four values for
the index j (j = 00, 01, 10, 11), no quantum correlations are found in any step
of the algorithm. In our decomposition for three mixed qubits, quantum corre-
lations are found between the second and the last but one CNOT gates for some
balanced functions. In this last case we found that there is no entanglement as
measured by negativity (see the definition in Eq.(7)) [30] evaluated for all steps
in the synthesized algorithm considering different splits for all kind of functions:
i) a splitting that separates the control qubit from all the others and ii) another
one that puts the top two qubits in one partition and the bottom two in the
other partition. We observe that the rotation angles θj present in the synthe-
sis of the algorithm may have, among other values, ±pi/4 for some balanced
functions. In these situations the operator Rj becomes the T (or pi/8) gate,
a unitary that lies outside the Clifford group. Despite of Gottesman-Knill[31]
theorem and Bryan Eastin result (that a concordant computation can be simu-
lated using a classical computer)[32] do not apply to these decompositions, the
algorithm presented above can efficiently be simulated in a classical computer.
For pure states quantum discord is equal to entanglement entropy, i.e., it
measures entanglement between two parties [25]. In correspondence, Collins,
Kim and, Holton arrived at a similar conclusion for the Deutsch-Jozsa algorithm
implemented through the conventional pure state quantum computation model
[13]. They found that no entanglement is generated between two qubits, while
for three or more qubits some balanced functions generate entanglement among
them. Chaves and de Melo showed that there are functions for which it is
possible to implement the Deutsch-Jozsa algorithm in the one-way quantum
computation method with decoherence from a state that presents only classical
correlations [19]. Arvind, Dorai and, Kulmar implemented the Deutsch-Jozsa
algorithm in a NMR experiment and observed the absence of entanglement for
the one and two qubits cases and entanglement generation for some balanced
functions in the three qubit case [33]. By using pure state quantum computation,
Kenigsberg, Mor, and Ratsaby found the maximal sub-problem that can be
solved without entanglement [34].
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3. Quantum Correlations in Deutsch-Jozsa Algorithm via DQCp model
The basic idea of the deterministic quantum computation with pure states
(DQCp model) is to reproduce in the answer qubit the expectation values of
DQC1 model for the control qubit [14]. The same results for the Deutsch-Jozsa
algorithm in DQC1 model presented above, that is, the expected values and vari-
ances of σx for the control qubit, can be achieved if α = 1 and the n mixed qubits
in the DQC1 circuit are initialized in the state |+〉⊗n = [(|0〉+ |1〉)/√2]⊗n.
This particular result, by its turn, demonstrates that to solve oracle problems
in a quantum computer running via DQC1 model can be as powerful as in a
quantum computer running via DQCp model [14]. An important difference
between DQC1 and DQCp models is that with pure initial states the circuit
can generate significant amounts of entanglement among the qubits at the end
of the computation, while with mixed states none quantum correlation can be
generated.
To verify this hypothesis, we quantify entanglement among different par-
titions through negativity, a measure which has the advantage of being easily
evaluated for a general bipartite mixed state [30]. Its expression is given by
N (ρ) =
∥∥ρTA∥∥
1
− 1
2
, (7)
where ‖O‖1 = tr
√
O†O is the trace norm of operator O and the partial transpo-
sition on subsystem A is denoted by ρTA (it could have also been defined with
partial transposition on subsystem B). The range of values for negativity goes
from zero to (d− 1)/2, where d is the smaller partition between A and B.
The algorithm was run 50 times with random balanced functions for a num-
ber of work qubits from 1 to 10, and the negativity was evaluated for two dif-
ferent splits: i) a split that separates the (n+ 1)/2 top qubits and the (n+ 1)/2
bottom qubits for n odd, and ii) the n/2 top qubits and n/2 + 1 bottom qubits
for n even. The maximum value of the negativity achieved for each number of
qubits is shown in Fig. 4. The resulting curve presents an overall increasing
pattern, with the characteristic of sequential values of the negativity being ap-
proximately constant since it is limited by the dimension of the smaller partition
[22]. Differently from the results presented above for DQC1 model, even for the
case with n = 1 the states of the system are quantum correlated, a behavior
that remains as n increases.
4. Discussion
The final states of the control qubit in the Deutsch-Jozsa algorithm im-
plemented via DQC1 and DQCp models for the possible function classes do
not have orthogonal support, which means they can not be distinguished with
just one measurement as in the conventional pure state quantum computation
7
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Figure 4: Negativity for the final state in the realization of Deutsch-Jozsa algorithm via
DQCp model as a function of the number of qubits n. The values are relative to the splitting
separating the (n+ 1)/2 top qubits and the (n+ 1)/2 bottom qubits, for n odd, and the n/2
top qubits and n/2 + 1 bottom qubits for n even. The sequence of approximately constant
values is due to the negativity limitation by the dimension of the smaller partition. Here, s is
the number of qubits in the smaller partition.
[11, 13]. This makes such algorithm probabilistic. We tried to remove the prob-
abilistic character of the solutions obtained through the models discussed above
by using the DQC1k model of computation [35]. In the later the the quantum
circuit is similar to DQC1 circuit but k qubits are measured instead of only one.
Nevertheless it was unsuccessful. The same procedure was repeated for DQCpk
model of computation, but it was in vain again. A possible reason for these
results relies on the state of the control qubit for balanced functions, which one
is proportional to the identity operator. So it is impossible to distinguish it
perfectly from any other state.
5. Conclusions
We reviewed the Deutsch-Jozsa algorithm implemented via DQC1 model and
also expanded this idea to the DQCp model. In both models the initial state
of the qubits is uncorrelated, quantum and classically. In the DQC1 model the
final state of the algorithm does not possess any kind of correlations. Otherwise,
in the DQCp model the qubits at the end of the algorithm are highly correlated
for some balanced functions and the bipartite entanglement among the block
of qubits increases with the system size. The Deutsch-Jozsa algorithm is effi-
ciently implemented in these different models of computation. Independently
8
of the existence or absence of quantum correlations among the qubits in each
step of the algorithm, the quantum solution shows no advantage over that one
given by the classical probabilistic algorithm. Some efforts in order to decide
if the function class is constant or balanced by the realization of a k-collective
measurement on the qubits in the DQC1k and DQCpk models of computation
have been shown inefficient.
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Appendix
Here we show how to detect quantum correlations in the state of the system
after every step of the synthesized algorithm for three mixed qubits. The pro-
cedure is the same for the two mixed qubits case, where no quantum correlated
states are found. This is done by verifying the form of the state, i.e., if it can
be written as a CC state it does not possess any quantum correlation, otherwise
the correlations have some quantum nature. As shown in the main text, the
synthesized algorithm is composed by: a Hadamard gate; one-qubit rotations
around the z axis, here indicated by Rik, where k is an index associated to the
rotation angle θk defined in Fig. 3 and i is the qubit index, beginning from 0 for
the semi-pure qubit and ranging from 1 to 3 for the mixed qubits; and controlled
operations, here indicated by CNOTnm, where m and n are the indexes of the
control and target qubit, respectively.
The initial state ρini = 2
−(n+1)(I0+αZ0)⊗I⊗n has no quantum correlations.
Since I0 can be written in any basis, including the eigenstates Z0, this state can
take the form ρini =
∑
i pi |i〉 〈i|, with pi = {2−(n+1)(1 + α), 2−(n+1)(1 − α)}
representing a classical probability distribution.
Now we will present the states ρs after each step s of the synthesized al-
gorithm (beginning from step 0) and do a brief analysis of quantumness of
correlations for some initial and final steps.
0) Hadamard gate on qubit 0 and R30:
ρ0=2
−4(I0 + αX0)⊗ I⊗3,
where we used n=3 to indicate that we are studying the three mixed qubits
case. This state can be put in the same form as the previous one and also repre-
sents a classical probability distribution. Therefore, it does not have quantum
correlations.
1) CNOT 30 :
ρ1=2
−4(I⊗4 + αX0I1I2X3),
9
where we dropped some of the ⊗ for simplicity. Again, the identities for the
qubits 0 and 3 on the first term can be written in the same basis of the X0 and
X3 on the second term, so the state can be written in a totally classical form.
2) R31:
ρ2=2
−4(I⊗4 + αX0I1I2Q3(θ1)),
where every matrix Qk(x) has the form |0〉 〈1|k e−ix + |1〉 〈0|k eix. In this case,
as the identity assumes the same form in any basis, I0 and X0 are diagonal in
the eigenbasis of X0. Similarly I3 and Q3(θ1) have a common eigenbasis, so ρ2
assumes a classical form.
3) CNOT 31 :
ρ3=2
−4 {I⊗4 + αX0 |0〉 〈0|1 I2Q3(θ1) + αX0 |1〉 〈1|1 I2Q∗3(θ1)} ,
where Q†3(θ1) is the Hermitian conjugate of Q3(θ1). The commutativity between
Q3(θ1) and Q
†
3(θ1) depends on the value of θ1. From the main text we have
that, for balanced functions, θ1 may assume a value of the set {0,±pi/4,±pi/2}.
If θ1=±pi/4, Q3(θ1) and Q†3(θ1) commute. Then, the state ρ3 will be quantum
correlated if θ1=±pi/4, and will be a classical state if θ1=0 or θ1=±pi/2. Thus, the
system possesses quantum correlations at this point of the synthesized algorithm
only for balanced functions for which θ1=±pi/4.
4) R32:
ρ4=2
−4 {I⊗4 + αX0 |0〉 〈0|1 I2Q3(θ2 + θ1) + αX0 |1〉 〈1|1 I2Q3(θ2 − θ1)} .
As in the previous step, for some values of θ1 and θ2 (e.g. θ1=±pi/4 and θ2=
0) this state cannot be put in a diagonal form, such that, for some balanced
functions ρ4 is quantum correlated.
5) CNOT 30 :
ρ5=2
−4 {I⊗4 + [α |0〉 〈1|0 [|0〉 〈0|1 I2P3(θ2 + θ1) + |1〉 〈1|1 I2P3(θ2 − θ1)] +H.c.]} ,
where H.c. means the Hermitian conjugate and Pk(x)=|0〉 〈0|k e−ix+|1〉 〈1|k eix.
Rearranging this expression we obtain ρ5=|0〉 〈0|1 I2[I0I3 +α |0〉 〈1|0 P3(θ2 + θ1)
+α |1〉 〈0|0 P †3 (θ2 +θ1)]+|1〉 〈1|1 I2[I0I3 +α |0〉 〈1|0 P3(θ2−θ1)+α |1〉 〈0|0 P †3 (θ2−
θ1)]. In all terms of ρ5 the states for qubits 1 and 2 are diagonal on the same
basis (for each qubit state space), but the terms for qubits 0 and 3 are not.
The commutation between the two terms on the right hand side of the previous
expression is proportional to (|0〉 〈0|0 − |1〉 〈1|0) [P3(θ2 +θ1)P †3 (θ2−θ1)−P3(θ2−
θ1)P
†
3 (θ2 + θ1)], which in turn is proportional to sin(2θ1). Thus, if θ1=±pi/4 ρ5
is quantum correlated at this point of the synthesized algorithm, otherwise it
represents just a classical probability distribution. As the procedure to identify
quantumness of correlations is the same for the remaining states, we will just
write down these states and inform here, in advance, that all states up to ρ28 can
be quantum correlated for some balanced functions. We will show the analysis
for the final states of the computation.
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6) R33:
ρ6=ρ5.
7) CNOT 30 :
ρ7 = 2
−4
{
I⊗4+
[
α|0〉〈1|0
[
|0〉〈0|1
[
|0〉〈0|2P3(θ2+θ1)+|1〉〈1|2P †3 (θ2+θ1)
]
+|1〉〈1|1
[
|0〉〈0|2P3(θ2−θ1)+|1〉〈1|2P †3 (θ2−θ1)
]]
+H.c.
]}
.
8) R34:
ρ8=ρ7.
9) CNOT 31 :
ρ9 = 2
−4
{
I⊗4+
[
α|0〉〈1|0
[
|0〉〈0|1
[
|0〉〈0|2P3(θ2+θ1)+|1〉〈1|2P †3 (θ2+θ1)
]
+|1〉〈1|1
[
|0〉〈0|2P †3 (θ2−θ1)+|1〉〈1|2P3(θ2−θ1)
]]
+H.c.
]}
.
10) R35:
ρ10=ρ9.
11) CNOT 30 :
ρ11 = 2
−4
{
I⊗4+
[
α|0〉〈1|0
[
|0〉〈0|1
[
|0〉〈0|2Q3(θ2+θ1)+|1〉〈1|2Q†3(θ2+θ1)
]
+|1〉〈1|1
[
|0〉〈0|2Q†3(θ2−θ1)+|1〉〈1|2Q3(θ2−θ1)
]]
+H.c.
]}
.
12) R36:
ρ12 = 2
−4{I⊗4
+[α|0〉〈1|0[|0〉〈0|1[|0〉〈0|2Q3(θ6+θ2+θ1)+|1〉〈1|2Q3(θ6−θ2−θ1)]
+|1〉〈1|1[|0〉〈0|2Q3(θ6−θ2+θ1)+|1〉〈1|2Q3(θ6+θ2−θ1)]]+H.c.]}.
13) CNOT 31 :
ρ13 = 2
−4{I⊗4
+[α|0〉〈1|0[|0〉〈0|1[|0〉〈0|2Q3(θ6+θ2+θ1)+|1〉〈1|2Q3(θ6−θ2−θ1)]
+|1〉〈1|1
[
|0〉〈0|2Q†3(θ6−θ2+θ1)+|1〉〈1|2Q†3(θ6+θ2−θ1)
]]
+H.c.
]}
.
14) R37:
ρ14 = 2
−4{I⊗4
+[α|0〉〈1|0[|0〉〈0|1[|0〉〈0|2Q3(θ7+θ6+θ2+θ1)+|1〉〈1|2Q3(θ7+θ6−θ2−θ1)]
+|1〉〈1|1[|0〉〈0|2Q3(θ7−θ6+θ2−θ1)+|1〉〈1|2Q3(θ7−θ6−θ2+θ1)]]+H.c.]}.
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15) CNOT 32 :
ρ15 = 2
−4{I⊗4
+
[
α|0〉〈1|0
[
|0〉〈0|1
[
|0〉〈0|2Q3(θ7+θ6+θ2+θ1)+|1〉〈1|2Q†3(θ7+θ6−θ2−θ1)
]
+|1〉〈1|1
[
|0〉〈0|2Q3(θ7−θ6+θ2−θ1)+|1〉〈1|2Q†3(θ7−θ6−θ2+θ1)
]]
+H.c.
]}
.
16) CNOT 31 :
ρ16 = 2
−4{I⊗4
+
[
α|0〉〈1|0
[
|0〉〈0|1
[
|0〉〈0|2Q3(θ7+θ6+θ2+θ1)+|1〉〈1|2Q†3(θ7+θ6−θ2−θ1)
]
+|1〉〈1|1
[
|0〉〈0|2Q†3(θ7−θ6+θ2−θ1)+|1〉〈1|2Q3(θ7−θ6−θ2+θ1)
]]
+H.c.
]}
.
17) CNOT 32 :
ρ17 = 2
−4{I⊗4
+
[
α|0〉〈1|0
[
|0〉〈0|1
[
|0〉〈0|2P3(θ7+θ6+θ2+θ1)+|1〉〈1|2P †3 (θ7+θ6−θ2−θ1)
]
+|1〉〈1|1
[
|0〉〈0|2P †3 (θ7−θ6+θ2−θ1)+|1〉〈1|2P3(θ7−θ6−θ2+θ1)
]]
+H.c.
]}
.
Let us define now A3≡P3(θ7 + θ6 + θ2 + θ1), B3≡P †3 (θ7 + θ6 − θ2 − θ1),
C3≡P †3 (θ7 − θ6 + θ2 − θ1) and D3≡P3(θ7 − θ6 − θ2 + θ1).
18) R28:
ρ18=ρ17.
19) CNOT 20 :
ρ19 = 2
−4{I⊗4+[α|0〉〈1|0[|0〉〈0|1[|0〉〈1|2A3+|1〉〈0|2B3]
+|1〉〈1|1[|0〉〈1|2C3+|1〉〈0|2D3]]+H.c.]}.
20) R29:
ρ20 = 2
−4{I⊗4+[α|0〉〈1|0[|0〉〈0|1[e−iθ9 |0〉〈1|2A3+eiθ9 |1〉〈0|2B3]
+|1〉〈1|1
[
e−iθ9 |0〉〈1|2C3+eiθ9 |1〉〈0|2D3
]]
+H.c.
]}
.
21) CNOT 21 :
ρ21 = 2
−4{I⊗4+[α|0〉〈1|0[|0〉〈0|1[e−iθ9 |0〉〈1|2A3+eiθ9 |1〉〈0|2B3]
+|1〉〈1|1
[
e−iθ9 |1〉〈0|2C3+eiθ9 |0〉〈1|2D3
]]
+H.c.
]}
.
22) R210:
ρ22 = 2
−4
{
I⊗4+
[
α|0〉〈1|0
[
|0〉〈0|1
[
e−i(θ10+θ9)|0〉〈1|2A3+ei(θ10+θ9)|1〉〈0|2B3
]
+|1〉〈1|1
[
ei(θ10−θ9)|1〉〈0|2C3+e−i(θ10−θ9)|0〉〈1|2D3
]]
+H.c.
]}
.
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23) CNOT 20 :
ρ23 = 2
−4
{
I⊗4+
[
α|0〉〈1|0
[
|0〉〈0|1
[
e−i(θ10+θ9)|0〉〈0|2A3+ei(θ10+θ9)|1〉〈1|2B3
]
+|1〉〈1|1
[
ei(θ10−θ9)|1〉〈1|2C3+e−i(θ10−θ9)|0〉〈0|2D3
]]
+H.c.
]}
.
24) R211:
ρ24=ρ23.
25) CNOT 21 :
ρ25 = 2
−4
{
I⊗4+
[
α|0〉〈1|0
[
|0〉〈0|1
[
e−i(θ10+θ9)|0〉〈0|2A3+ei(θ10+θ9)|1〉〈1|2B3
]
+|1〉〈1|1
[
ei(θ10−θ9)|0〉〈0|2C3+e−i(θ10−θ9)|1〉〈1|2D3
]]
+H.c.
]}
.
26) R112:
ρ26=ρ25.
27) CNOT 10 :
ρ27 = 2
−4
{
I⊗4+
[
α|0〉〈1|0
[
|0〉〈1|1
[
e−i(θ10+θ9)|0〉〈0|2A3+ei(θ10+θ9)|1〉〈1|2B3
]
+|1〉〈0|1
[
ei(θ10−θ9)|0〉〈0|2C3+e−i(θ10−θ9)|1〉〈1|2D3
]]
+H.c.
]}
.
28) R113:
ρ28 = 2
−4{I⊗4
+
[
α|0〉〈1|0
[
e−iθ13 |0〉〈1|1
[
e−i(θ10+θ9)|0〉〈0|2A3+ei(θ10+θ9)|1〉〈1|2B3
]
+eiθ13 |1〉〈0|1
[
ei(θ10−θ9)|0〉〈0|2C3+e−i(θ10−θ9)|1〉〈1|2D3
]]
+H.c.
]}
.
This state is clearly diagonal on qubits 2 and 3, but it is not fully diagonal on
qubits 0 and 1 for balanced functions. Thus, the correlations in state ρ28 may
present some quantum nature.
29) CNOT 10 :
ρ29 = 2
−4{I⊗4
+
[
α|0〉〈1|0
[
e−iθ13 |0〉〈0|1
[
e−i(θ10+θ9)|0〉〈0|2A3+ei(θ10+θ9)|1〉〈1|2B3
]
+eiθ13 |1〉〈1|1
[
ei(θ10−θ9)|0〉〈0|2C3+e−i(θ10−θ9)|1〉〈1|2D3
]]
+H.c.
]}
.
The CNOT 10 turns the state diagonal on qubit 1, besides being already diagonal
on qubits 2 and 3. Now, the state of qubit 0 in each term of the expression for
ρ29 admits the same eigenbasis, so the correlations in the total state are purely
classical for any balanced or constant function.
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30) eiΦR014:
ρ30 = 2
−4{I⊗4
+
[
αe−iθ14 |0〉〈1|0
[
e−iθ13 |0〉〈0|1
[
e−i(θ10+θ9)|0〉〈0|2A3+ei(θ10+θ9)|1〉〈1|2B3
]
+eiθ13 |1〉〈1|1
[
ei(θ10−θ9)|0〉〈0|2C3+e−i(θ10−θ9)|1〉〈1|2D3
]]
+H.c.
]}
.
The application of this last gate does not generate any quantum correlation in
the final state of the system as is shown in the main text.
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